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The Reidemeister-Schreier rewriting process gives a presentation for a subgroup H of a 
finitely-presented group G when a Schreier system of right coset representatives is known. As an 
alternative, a geometric method is given when G acts effectively and properly discontinuously. 
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1. Introduction 
Let G be a finitely-presented (this condition is not essential) group acting effec- 
tively and properly discontinuously on W3, the hyperbolic 3-space. The method is 
described for I-O3 to simplify the notation but the description can be translated to 
any space where Poincari’s Theorem [3] for fundamental domains applies. 
Suppose that H is a subgroup of index n in G and {Hoi: 1 c is n}, with a, the 
identity element, is a set of right cosets of H. Suppose also that the representation 
4 of G into S,, associated to this set of right cosets is given. This means that if we 
write g(i) = +(g)(i), g E G, then HUig = IfU,(i,. 
The Reidemeister ewriting process uses the right coset representation to derive 
a presentation for If. An alternative method based on the Poincare Theorem can 
be given. Let P be a fundamental polyhedron for G. We assume that each face of 
P is mapped congruently to exactly one other face, or to itself, by elements of G. 
Such a polyhedron always exists and will be called Poincari polyhedron. (See 
Maskit [3] for a detailed definition.) The Poincari Theorem produces a presentation 
of G from the face identifications and edge cycles of l? 
To clarify our terms, let us say that a finite convex polyhedron is the intersection 
of finitely many closed half-spaces. A finite polyhedron is a finite union of finite 
convex polyhedra which intersect only in common faces. 
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Define Q = Ulslsn a,(P) and say the faces of Q are those faces of each a,(P) 
which are not also a face of some a,(P), i #j. In particular, two faces of 8Q which 
meet at an angle T at an edge are not considered as joined into one face. Now Q 
may not be connected in general and caution would be required in apdying 
Poincari’s Theorem. However, the images of Q under H tesselate H3. By replacing 
Ui with hia< for some hi E H, inductively, we may assume that Q is connected. The 
representation C#J is not changed if h<Ui is renamed as a,. 
The following proposition establishes the method. 
Proposition. The representation 4 determines a face identification of Q and Q is a 
Poincare' polyhedron for H. 
Proof. Let S be a face of Q. There exists a unique g E G and a face S’ of P such 
that S = g(S’) c g(P) n Q c aR There also exists a unique i such that S c Ui( P)- Let 
(Y = a;‘g and let i = +(a)(i). Then Hg = Ha,a = Haj so there exists h E H such that 
hg=~p NOW hg(S’)=aj(S’) SO h(S)=aj(S’). Notice that h # 1, else g(P)=Uj(P). 
Hence H identifies S with Uj(S’) and the identification map is ajg-‘. 
It is clear that Q is a fundamental polyhedron for H so Q is a Poincari polyhedron 
for H. 
Remark 1. In practice, we will choose (Y and then vary ai until all the faces of Q 
are paired. We will also modify the faces of Q so as to reduce the number of faces 
of Q. The proposition applies as long as each ai pairs modified faces of Q, and for 
each face S of Q there exists g E G such that g-‘(S) is a face of Q and g(Q) n Q = S. 
Remark 2. The proposition also works the other way, i.e., given a fundamental 
domain with a face identification, the associated representation can be recovered 
without computing the subgroup itself. 
Remark 3. Our method usually produces a representation of a subgroup involving 
less number of generators and relations than Reidemeister-Schreier method. It also 
enables us to read out the peripheral subgroups of H when H is the fundamental 
group of a hyperbolic 3-manifold. 
In the next sections, the method will be demonstrated by applications to some 
discrete groups of isometries of W3. Finally, I would like to thank A. Brunner and 
N. Wielenberg for many helpful discussions. 
2. Index 2 subgroups of the group generated by reflections along the faces of a pyramid 
We take the pyramid to be 
P = ((x +yi, zj) E W3: --~5X~o,O~y~~,~s m>. 
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In Fig. 1, the faces of P are shown after being projected and spread on the 
complex plane (x-y plane) together with its 3-dimensional picture. Throughout 
this paper, (x +yi; d) denotes the hemisphere in M centered at (x +yi, 0) with radius 
d. The face E is a part of (0; 1) and all other faces are perpendicular to the complex 
plane. The angles given along the edges are dihedral angles. 
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Fig. I 
It is well known that P is a fundamental domain of the group generated by the 
reflections of W3 in the faces of P. We denote this group by G. 
A presentation of G can be easily found by the PoincarC theorem. We outline 
the theorem (see [3] for the detail). Given a fundamental domain (Poincare polyhe- 
dron) of a discrete group with pair-wise face identification, the identification maps 
are the generators for the group. There are two types of relations, reflection relations 
and cyclic relations. Reflection relations are the obvious ones for the reflections in 
the identification. An edge cycle is a sequence of edges of the fundamental domain 
with only the first and last term the same. An edge cycle is produced by following 
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edges through face identifications until we come back to the starting edge. In each 
identification, we must choose a face alternately among the two faces that share an 
edge. The edge cycles partition the set of edges and each of them induces a cyclic 
relation by taking the product of identifications involved in the cycle and by raising 
it to the power of 27~ divided by the sum of dihedral angles of the edges in the cycle. 
If we denote the reflection in a face by a lower case of the letter designated for 
the face in Fig. I, then G has the following presentation, 
2.1 
The subgroup of G of orientation preserving isometries is called the Picard group, 
simply Pit. An element of Pit is a (2 x2)-matrix in PSL(2, C) whose entries are of 
the form of a + bi with integers u and b (see [I] or [4].). 
It is clear that {Pit, (Pic)e} is a system of right cosets of Pit in G and the associated 
representation 4 : G + S2 is given by 
+(a) = 4(b) = 4(c) = 4(d) = 4(e) and 
4(u)(l)=2, orsimplyu=(l,2). 
We now use Section I to get a presentation of Pit. Let Q = P u e(P). Q and the 
identification induced from 4 are given in Fig. 2. A face denoted by a primed letter 
is the image of a face under e, for example, B’= e(B). 
Fig. 2 
$J identifies a face denoted by a letter with the face denoted by the same letter 
with prime matching the arrows drawn interior of the faces. We explain how to find 
the identification of the face D. Let a, = id and u2 = e. Then D c u,(P) and d(P) n 
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Q = D. Hence D is identified to u,(D) where j = @(a;‘d)( I) = ~$(d)( 1) = d( 1) = 2. 
D is identified with D’ with the identification map ed. 
By the Poincare theorem, we can easily read out a presentation of Pit from 
Fig. 2. 
2.2 
We study another subgroup of index 2 in G. Let H be the subgroup corresponding 
to the representation: b = d = id of S,, a = c = e = (1,2), where {H, He} is a system 
of right cosets of H in G. Q in (2.1) is a PoincarC fundamental domain of H and 
the representation produces the face identification in Fig. 3. 
H=(a,b,~,d,e,f;d’=b~=e~=f*=de=bf=a~=c~=(ef)~ 
=(bd)2=u-‘fub=(c-‘u)2=dc-‘ec= 1). 
Pit in (2.1) is different from H since the first homology groups are BzOZz and 
ZzO Hz0 Z,, respectively. 
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3. Torsion-free index 12 subgroups of Pit 
These groups and torsion-free index 24 subgroups are completely classified up 
to isomorphism in [2]. The main tool in that paper was the subgroup theorem by 
Karrass, Pietrowski and Solitar For rectangular product groups. The theorem pro- 
duces a presentation of a subgroup given a representation of Pit by constructing a 
c-cress (connected, compatible, regular, extended Schreier system). 
We now show how our method may replace the above mentioned subgroup 
theorem. Pit contains a subgroup of 12 elements generated by a and c in (2.1). This 
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group is isomorphic to the alternating subgroup of S,. We denote the elements of 
the subgroup by a, = identity, a, = a, a3 = a*, a, = c’, z a5 = c, a6 = a4a2, a7 = a,ai, 
2 2 
a8 = a4a2, a9 = a2a4, alo 
2 
= a2a4, a,, = a4a2 and a,2= a2a4az. 
In terms of matrices, the generators of Pit are 
a=(: :), b=(_y A), c=(_y _:>, and d=(g i). 
These matrices can be computed from Fig. 2 using the fact that there is a unique 
linear fractional transformation sending a triple of points to another triple of points 
in W3. 
Suppose that H is a torsion-free index I2 subgroup of Pit. Clearly, {Har}r4iG12 is 
a system of right cosets for If. If P denotes the Poincare fundamental domain of 
Pit in (2.1) (it was called Q there) then Q = lJ ,=,< iz ai( P) is a Poincare fundamental _ 
domain for H. Q is a common fundamental domain for all torsion-free index 12 
subgroups. 
To find a presentation of H by our method we need to have a precise picture of 
Q and its faces. While constructing Q, one must pay attention how the faces and 
edges of a;(P), i = 1,2,. . . , 12, fit together. A rough 3-dimensional sketch of Q with 
relative positions of ai( P), i = 1,2, . . . , 12, is given in Fig. 4. Q is an octahedron 
with congruent triangular faces. 
Figure 5 gives a spread-out projection of the faces of Q. All four faces extending 
to cc are perpendicular to the complex plane, all six vertices are ideal and all the 
dihedral angles are n/2. 
Using the following two Figs. 6,7 and Remark I, we can find the face identification 
from a representation. (CO, i, 0) denotes the face of Q containing i and 0, and 
extending to CO. Figure 7 implies, for example, that a,d( Q) n Q = 
(-l,-i+fi,-l+i)=a,(co,-l,O)=a,d(a, -I, 0) with edge denoted by a, identified 
to the edge denoted by a6d under a,d and the edge ‘a,’ to the edge ‘a6* under a+ 
3.1 
We consider the following regular representation of Pit into Sj2 associated with 
the above right coset system. The regularity guarantees that the corresponding 
subgroup is torsion-free, thus a fundamental group of a hyperbolic 3-manifold (see 
PI)- 
a*=(1 2 3)(4 11 6)(5 8 10)(12 9 7), 
a4=(1 4 5)(12 8 6)(2 10 7)(3 9 ll), 
b=(4 3)(6 I)(9 5)(lO 7)(11 2)(12 8), 
d=(5 3)(6 2)(9 4)(10 8)(ll 1)(12 7). 
We pick one face and show how it is identified by the representation. Let 
S = (0, i, -f+$i). From Fig. 7, S = a,d(m, -I, 0). The representation says that 
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ajtcqO,i) and ajb(m,O,i), 1 ‘j 512 
Fig. 6 
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Hu,d = Ha,,. S is identified with ~~~(00, -1,0) with edge ‘a,d’ matched to the edge 
‘a,*‘. The representation gives the identification in Fig. 8. 
Let a E H be the isometry such that a(A) =A’ and similarly for b, c, d. Then 
Poincare theorem implies that 
H =(a, b, c, d: ba-‘b-la = d-‘cd-‘a = c-‘d-‘c-lb = I). 
H is isomorphic to the group of the link, Wg, in [2]. 
We now describe how to read out peripheral subgroups of H as claimed in 
Remark 3. We only explain the process but why it works is left to the reader. In 
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Fig. 8, a rectangle is drawn around each ideal vertex. It is actually the intersection 
of Q with small horosphere (plane) tangent (parallel) to the complex plane at the 
vertices. Now the identifications piece together the rectangles along the boundary 
to produce two tori as in Fig. 9 and they are the boundary of the closure of the 
hyperbolic 3-manifold corresponding to H. The first torus gives (a, 6) as a peripheral 
subgroup. In the second torus, the circle denoted by L is cat-*a and M is cab-‘. 
Since M and L intersect transversely at one point (cab-‘, cat-‘a) is another 
peripheral subgroup of H. 
B’ 
cl A’ 1 A B 
Fig. 9 
3.2 
We consider another representation 
b = (5 4)(7 2)(8 6)(9 3)(11 10)(12 I), 
d = (5 3)(7 6)(8 2)(9 4)(11 l)( 12 10). 
The permutations corresponding to a2 and u4 in S,, are the same as those of (3.1). 
Using Figs. 6 and 7, the representation produces the face identification in Fig. 
10. A presentation of the subgroup is 
(a, b, c, d; da-‘b-‘a = b-‘cd-‘a =.c-‘d-‘cb = l), 
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(b-‘c, b-‘d-‘bd) and (b, ac are the peripheral subgroups. This group is isomorphic ) 
to the Whitehead link group. The groups in (3.1) and (3.2) are all the torsion-free 
index 12 subgroups of Pit (see [2]). 
4. Torsion-free index 24 subgroups of Pit 
For any torsion-free index 24 subgroup H of Pit, it can be shown that 
{ Hai, H6ai ; 1 c i s 12) is a system of right cosets up to isomorphism. a,, 1 s i s 12, 
b and d are given in Section 3. Define u,~+~ = baj, 1 G j c 12, and Q =UisiGzl ci( P), 
where P is the fundamental domain of Pit in (2.1). Q with modified faces is given 
in Fig. Il. 
Q is a double of the fundamental domain of a torsion-free index 12 subgroup in 
Section 3. It is doubled along the plane x = 0. All dihedral angles are n/2 except 
for the given ones. 
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We neid the following two Figs. 12, 13 to obtain face identifications from 
representations. In Fig. 12, (CO, 0, i) is not a face of Q, but our method still works 
using Remark I. 
ai(co, 0, i) and ai b(oo, 0, i 1, 1~~124 
a&f 
a6 1 
x-- -- / 
X ta2, 2 k I a*& 
Fig. I2 
ag(oo,-1,O) and aid too,-l,O 1, 1 5 # 5 24 
a31 t%d 
_ _ %dj 1% a,gd %_ a9d a9 
/\ 
A> a5d aITI Tad ‘16 a16d al\ - Al. - - . 
4.1 
We pick a representation. Since all the representations have the same permutations 
for a2 = a and a4 = c*, we will specify permutations for b and d. 
b=(l 13)(2 15)(3 14)(4 16)(5 7)(6 23)(8 9)(10 12)(11 18)(17 24) 
(19 20)(21 22), 
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Fig. 14 
d =(l 16)(2 18)(3 23)(4 13)(5 17)(6 14)(7 24)(8 22)(9 21)(10 20) 
(11 15)(12 19). 
We obtain the following (Fig. 14) face identification from Figs. 12 and 13. 
A presentation of the group is (a, b, c, d, e,f, g; d-‘tea = e-‘cfa =f’cg-‘a = 
f ‘gb=ge-‘b=d ‘d-lb =,l). The group is isomorphic to E.2 of [23. 
4.2 
We describe how to recover a representation from a face identification as men- 
tioned in Remark 2. 
The face identification of Q given in Fig. 15 produces a hyperbolic 3-manifold 
and its fundamental group is a torsion free index 24 subgroup of Pit, since the 
dihedral angles add up to 360” for each edge cycle and the identification is realized 
by torsion free elements in Pit (see [5]). 
G' I 1 c’ 
Fig. 15 
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From the construction of Q, the permutation corresponding to b contains (1 13) 
(2 15)(3 14). We show how to determine b(4). The identification maps a,b(oo, 0, i) 
to u,,Joo, 0, i) and the edge ‘a,b’ to the edge ‘u16’ in Fig. 12. Hence ha,b= ui6, 
where h is the isometry identifying the face B’ to face B. Therefore, b(4) = 16. By 
repeating the process, we get 
b=(l 13)(2 15)(3 14)(4 16)(5 24)(6 23)(7 22)(8 19)(9 17)(10 21) 
(11 18)(12 20), 
d=(l 10)(2 4)(3 12)(5 7)(6 9)(8 11)(13 21)(14 20)(15 16)(17 23) 
(18 19)(22 24). 
The corresponding group is isomorphic to F of [2]. 
5. Torsion-free index 12 subgroups of the commutator subgroup of Pit 
Denote G for the commutator subgroup. It can be shown that G is of index 4 in 
Pit and (G, Gb, Gd, Gbd} forms a system of right cosets. The domain P in Fig. 16 
is a fundamental domain of G. 
P is symmetric in y = x and y = -x, P is above the isometric sphere (1; 1) and 
in the left hand side of x = i. 
A representation of G is G = (az, a4, b, c: ai = a: = 6’ = c3 = (a,b)2 = (bc)’ = 
( ca2)2 = ( azaJ2 = I), where a2 and a4 are given interchanged in Section 3, 
b= and c= 
One should note that the definition of b and c are different from that of the preceding 
sections. a2 and (zq again generate a subgroup of order 12. If H is a torsion-free 
index 12 subgroup of G, then Q =IJrr;is 12 a (P) is a Poincare fundamental domain i 
of H, where {ai)r=ziGrz is given in Section 3. But again in the definition of Lli, the 
role of a2 and a4 are interchanged. For example, az here is the same as a4 and a7 
is the same as a8 in Section 3. Q with modified faces is given in Fig. 17. There are 
six ideal vertices, 0, i, - 1 + i, - 1, -$ +$i and 00. Q is symmetric in y = -x, y = x + 1, 
y=f and x= -$. The base of Q consists of 20 intersecting isometric hemispheres 
whose centers and radii are easily found from the information in Fig. 17 and the 
symmetries. Q is in the left of the plane, x =f. To go from a representation to a 
presentation of a subgroup we use Figs. 18 and 19. 
Now we pick two regular representations produced by using a computer (there 
are 70 possible representations), and find face identifications and presentations. The 
results are in the next two Figs. 20, 21. The subgroups are not isomorphic since the 
corresponding manifolds have 6 and 3 boundary tori. 
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(4. .l) 
b=(l 4 5) (2 IO 7) (3 9 11) (6 12 6) 
c=(1 2 3) (4 11 6) (5 8 10) (7 12 9) 
Group presentation: 
1. I da=1 6. Bid=1 11. icdcll 
2. Lie-1 7. The=1 12. Tit e=l 
3. k;b=l 6. i;9=1 13. hihe= 
4. c;b=l 9. li;ik=i 14. Tiii=l 
5. k?c=1 10. ba ba=l 
Fig. 20 
(4.2) 
b=(l 6 9) (2 12 4) (3 6 IO) (5 11 7) 
c=(l 6 7) (2 8 11) (3 12 5) (4 10 9) 
d denotes d-’ 
6 boundary tori 
Group presentation: 
1. ida= 6. ihd=l 
2. Tla.1 7. i;Oe:l 
3. Teb.1 6. ihf=l 
4. ckb.1 9. bhga-1 
5. i9C.l 10. defcrl 
3 boundary tori 
11. bh9asl 
12. TSde=1 
13. il b j=l 
14. Tjklzl 
Fig. 2 1 
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